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ABSTRACT

- A simple and direct state space approach to the digital control of

multivariable linear systems is discussed. Control is provided by mini-

mizing the mean square error between controlled plant outputs and specified

desired output trajectories at sampling instants. Systems of linear

equations for digital control inputs result with solutions assuming a natural

constant forward and feedback gain form. Optimal gains are determined using

elementary results from linear systems theory and standard techniques from

linear algebra. Numerical applications to examples in simple model follow-

ing, digital redesign, and direct digital design are described. Partial

state observability and the effects of sampling rate upon system perform-

ance are considered. Control smoothing through matching at multiple

sampling instants is discussed. This strategy provides improved perform-

ance without additionil computational expense or increased sampling rate.

Accession For

NT -IS --GR.A&I - O

DTIC TAB El
U nmPnouncod El
Justification

40'0 Distribution/
Availability Codes

il and/or

Dist special

AIR FC Z 197I{l O CUMIqTfC yM=W% ("SC)
NOTICE OF ?RM'JtI.TAI . TO DT!C
This teohnical report has bee vtep%,d i.
approved for put.,l to w*lse 1LW AnR I9q)I.
Distribution is unlimited.

TTW LY 3. z
Chief, Teehnieal 1nferzmtoimiviTsLy *



I. RESEARCH OBJECTIVES

A general technique for the state space digital control of multivariable

linear systems was presented in [I]. This technique is very similar in

flavor to the Model Algorithmic control of Mehra [21 and the Model Reference

Adaptive techniques surveyed by Landau [3]. Its basic idea is to provide

system control by minimizing, at sampling instants, the mean square error

between controlled plant outputs and specified reference trajectories.

Digital control inputs are generated soquentially by solving systems of

linear equations. Simple and direct control algorithms result which avoid

the technical difficulties often associated with more classical optimal

control techniques (e.g., nonlinear numerical optimization problems, Ricatti

equation solutions, etc.).

Two specific problems were discussed in some detail in [11: (1) the

digital redesign problem and (2) the direct digital design problem. In the

digital redesign problem, outputs of a linear plant with continuous con-

troller are matched to the outputs of the same plant driven by piecewise

constant (digital) control inputs. The objective is to determine inputs for

the digitalized system which preserve, as closely as possible, the performance

characteristics of the original continuous system. By contrast, the direct

design problem is concerned with the direct determination of digital control

inputs which force plant outputs to closely tract specified trajectories.

These trajectories may be the outputs o: existing baseline systems, dynamically

generated paths to set points, or other appropriately constructed functions

representing desired system evolutions.

The principle objectives of this research effort have been the further

refinement of the basic control technique discussed in [11, and the appli-

cation of this technique, through computer simulation, to realistic problems

in digital redesign and direct design in order to evaluate its feasibility

and effectiveness.

II. DESCRIPTION OF RESEARCH EFFORT

A detailed exposition of the major results of this research effort is

presented in [4]. A descriptive summary of these results and other signi-

ficant aspects of this effort is given here.



Further consideration of the ideas in [I] revealed that the solutions

of the linear equations defining optimal control values at sampling instants

assume a natural forward and feedback gain form. Specifically, each digital

control input is simply the difference of the product of a feedback gain

matrix and the current state vector, and the product of a forward gain matrix

and the known or projected value of the reference trajectory one sampling

period ahead. Since these gains are independent of time for time invariant

plant equations, the digital control system assumes a more standard constant

gain configuration. (See [41, figures 1 and 2). This configuration permits

a concise formulation of the output matching digital control problem. Its

solution is straightforward since optimal gains are easily determined from

given system parameters using standard linear algebraic techniques. The

formulation also underscores the simplicity of control implementation, and

simplifies the inclusion of the digital observer in the case when not all

system states are observable.

Having derived a precise problem formulation and solution procedure, in

order to demonstrate the usefulness and flexibility of the output matching

technique, its application to numerical examples was considered. Three

examples were examined in detail:

1) a simple model following example,

2) the digital redesign problem of Kuo, Singh, and Yackel [5], and

3) the missile attitude control system direct design problem considered

by Mehra [2]. (See [4] for detailed discussions and simulation graphics.)

Example (1) was chosen to illustrate the salient features of the output

matching technique. Although exact output matching at sampling instants was

realized in this example, simulations clearly showed the distinct inter-

sample behavior of the exponential plant and the second order reference

trajectory. Other simulations demonstrated the effects of reference system

partial observability and one dimensional control constraints upon system

performance.

Example (2) was selected to illustrate the application of output

matching to a problem in digital redesign. The technique was used to

digitalize the continuous control system of the simplified one-axis Skylab
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satellite of [5]. It was shown that the exact control objectives of [51

could be achieved using output matching, and furthermore, that a more general

redesign problem could be considered, one in which the number of controlled

variables does not have to equal the number of control variables. An appli-

cation of this generalization to the average matching of states of the model

in [5] resulted in better simultaneous matching of states than that provided

by single state matching. The incorporation of the digital plant observer

into the control scheme was also illustrated.

Example (3) was selected to illustrate the direct design technique.

The problem of controlling the angle of attack and pitch and sideslip angles

of the three axis hypothetical missile of [21 was studied. Since direct

design appears to be the most important application of the output matching

technique, this example was examined in considerable detail. It was shown

that the basic control objectives of [2] could easily be achieved. Further-

more, a comparison of the computational requirements of the output matching

technique and the impulse response technique of [2] showed that output

matching required far fewer system constants to define control, and hence,

correspondingly fewer algebraic operations for each control computation.

Attitude control simulations at the baseline conditions of [2] revealed

marked intersample oscillations of outputs and rapid fluctuations of control

inputs. (The fluctuations were observed in [2], but the oscillations of out-

puts were not, presumably being concealed by linear interpolation between

computed data points.) Strategies for smoothing system control without having

to increase the sampling rate were examined. The minimization of the integrated

mean square error between plant outputs and reference trajectories as suggested

in [1) was considered initially. Surprisingly, this performance criterion led to

control gains which produced severe system instabilities. The introduction

of matching at multiple sampling instants successfully permitted effective

control smoothing at no additional computational expense. This was a parti-

cularly significant result since in [2], in order to smooth control fluctuations,

the solution of a nonlinear numerical optimization problem using a

gradient search algorithm was required for each control computation.
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Theoretical considerations of the dependence of the effectiveness of

the output matching technique on sampling rate failed to yield any conclusive,

analytically precise relationships. Simulations illustrated only the obvious

fact that closer matching of controlled system outputs and reference tra-

jectories is provided by increased sampling rates. Since in many practical

situations, exact output-reference trajectory matching at sampling instants

is possible, intersample matching is often the most important factor in

determining acceptable system performance. Consequently, effort was directed

toward the intersample smoothing described in conjunction with example (3).

Such smoothing provides the improved performance associated with an increased

sampling rate, without requiring an actual increase.

Finally, the accommodation of control constraints by the output matching

technique was given consideration. It was shown that the addition of a

quadratic constraint term (as in linear regulator problems) to the mean

square tracking performance index leaves the technique basically unchanged,

introducing only a slight technical complication into the determination of

optimal system gains. Alternatively, simulations showed that in cases when

the general nature of the reference trajectories may be freely specified,

as in paths to set points, controls may in practice be effectively constrained

by limiting the growth rates of these trajectories.

III. CONCLUSIONS

A quite general output matching approach to digital multivariable linear

control has been developed. It is based upon a problem formulated in constant

forward and feedback gain form. It relies upon only the most elementary

facts from linear systems theory, and hence is characterized by its conceptual

simplicity. Optimal control gains are determined using only standard linear

algebraic techniques.

Simulations of output matching as applied to examples in model following,

digital redesign, and direct digital design have demonstrated its flexibility

and ease of application. These simulations have also revealed that in cases

when exact output matching is possible, intersample behavior of system

outputs is of prime interest. A control smoothing strategy promises to
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provide improved system performance at no additional computational expense.

In a missile control example, this strategy has produced impressive continuous

tracking of exponential paths to set points at a relatively low sampling rate

(10 samples per second).

This study has shown that the output matching technique is straight-

forward in application and surprisingly effective. This effectiveness, of

course, depends upon sample rate and desired output trajectory selection.

Since each linear plant has its own specific dynamical characteristics, it

is felt that in any particular application, only experimentation will

ultimately reveal those best choices of sampling rate and reference trajectories

for given standards of acceptable system performance.

REFERENCES

1. Miller, D. F., "A Direct State Space Approach to the Control of Sampled-

data Systems", Final Report, 1981 USAF-SCEEE Summer Faculty Research

Program.

2. Mehra, R. K., et al., "Basic Research in Digital Stochastic Model

Algorithmic Control," Technical Report AFWAL-TR-80-3125, 1980.

3. Landau, I. D., "A Survey of Model Reference Adaptive Techniques (Theory

and Applications)," Automatica , Vol 10, 1974, pp. 353-379.

4. Miller, D. F. "iMultivariable Linear Digital Control via State Space

Output Matching" to be sumitted to Optimal Control-Applications and Methods.

5. Kuo, B. C., Singh, G., and Yackel, R. A., "Digital Approximation of Con-

tinuous-Data Control Systems by Point-by-Point State Comparison," in

Computers and Elec. Eng., Vol. 1, Pergamon Press, 1973, pp. 155-170.



SEC V:LASSIFICATON "AOO ' n

- I READ INSTRUCTIONS
REPORT DOCUMENTATION PAGE BEFORE COMPLETING FORM

1. REPORT NUMBER 2. GOVT ACCESSION NO.' 3. RECIPIENT*S CATALOG NUMBER

.TR. 8 - 40 IDc
4. TITLE (and Subtitle) 5. TYPE OF REPORT & PERIOD COVERED

Final Scientific Report
An Output Matching Approach to Multivariable 06-01-82 through 08-31-82
Linear Digital Control 6. PERFORMING OG. REPORT NUMBEq

7. AUTHOR(&) S. CONTRACT OR GRANT NUMBER(s)

David F. Miller, Ph.D. AFOSR-82-0208

9. PERFORMING ORGANIZATION NAME AND ADDRESS 10. PROGRAM ELEMENT, PROJECT, TASK
AREA 8 WORK UNIT NUMBERS

Department of Mathematics and 
Statistics

Wright State University 61102 F
Dayton, Ohio 2304/D9

i1. CONTROLLING OFFICE NAME AND ADDRESS 12. REPORT DATE

AFOSR/NM 11-31-82

Bolling AFB DC 20332 13. NUMBER OFPAGES7

14. MONITORING AGENCY NAME & ADDRESS(It different from Controlling Office) IS. SECURITY CLASS. (of thJ report)

Unclassified

15a. DECL ASSI FI C ATI ON' DOWN GRADING
SCHEDULE

16. DISTRIBUTlON STATEMENT (ol this Report) L I
IL~proved for V~bjl e release ; IELECTE!!
idjtri. tIo,, =:limited@I MAY 2 4 1983 il

17. DISTRIBUTION STATEMENT (of rho abstract entered in Block 20, it different from Report)

B

IS. SUPPLEMENTARY NOTES

The technical results of this research effort are presented in "Multivariable
Linear Digital Control via State Space Output Matching" to be submitted to
Optimal Control-Applications and Methods. (Wiley).

1. KEY WORDS (Continue on reverse aide if necessary iad Identify by block number)

Multivariable Linear Systems, State space approach, digital control,
output matching

20. ABSTRACT (Continue an reverse side If nCoeasre and idenity by block number)

A simple and direct state space approach to the digital control of multi-
variable linear systems is discussed. Control is provided by minimizing the
mean square error between controlled plant outputs and specified desired
output trajectories at sampling instants. Systems of linear equations for
digital control inputs result with solutions assuming a natural constant
forward and feedback gain form. Optimal gains are determined using elementary
results from linear systems theory and standard techniques from linear algebra

DO I JAN,, 1473 L)"%JON , I ELI O I U(43' : or " ,,..11. LAS.,.,CATIoN OF THIS PAGE (When Date ntere)



SECURITY CLASSIFIQ-I- W D-1-M e nenered) ,.t.; *

Numerical applications to examples in simple model following, digital redesign,
and direct digital design are described. Partial state observability and the
effects of sampling rate upon system performanrra.e jonsidered. Contrgl.-
smoothing through matching at multiple sampling Ai&taUitsis asctissed. 2'i6i"
strategy provides improved performance without additional computational
expense or increased sampling rate.

I!

I~

14!

SECUITY LASIVIERF"WRMA~fte DO Enfre-


